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Abstract. We study three different (co)homology theories for a family of 
pullbacks of algebras that we call oriented. We obtain a Mayer Vietoris long 
exact sequence of Hochschild and cyclic homology and cohomology groups for 
these algebras. We give examples showing that our sequence for Hochschild 
cohomology groups is different from the known ones. In case the algebras are 
given by quiver and relations, and that the simplicial homology and cohomol- 
ogy groups are defined, we obtain a similar result in a slightly wider context. 
Finally we also study the fundamental groups of the bound quivers involved 
in the pullbacks. 



Introduction 

Let k be a field and R be an associative k- algebra with unit. Given an R — R- 
bimodule rMr, or equivalently a right (or left) module over the enveloping al- 
gebra R e := R (£>k R op , the Hochschild homology and cohomology groups of R 
with coefficients in M R e are the groups B n (R, M) = Tor£° (M, R) and E n (R, M) = 
Ext^e (R, M), respectively. In case rM r =rRr we simply write H„(i?), and H n (i?). 

The low dimensional cohomological groups FP(i?) (that is i < 2) have clear 
classical interpretations in terms of the center, the derivations or the extensions of 
R. Besides this, these groups also play an important role in representation theory 
of algebras: the rigidity properties of R are closely related to H 2 (i?) and H 3 (i?), 
whereas H 1 (R) gives information about the simple connectedness of R, and there 
are links between the vanishing of H 1 (i?) and H 2 (i?) and the representation type 
of R. Unfortunately, the groups W(R) are not easy to compute in general. There 
are some long exact sequences allowing to perform computations in some cases, see 

m m, m us m- 

The main motivation for this work is to compute the Hochschild cohomology 
groups of the pullback R of two morphisms of fc-algebras A\ — > C <~ A 2 . However, 
as Examples 1 1 . 2 . II show . there is no easy immediate relation between the Hochschild 
cohomology groups of the algebras R,Ai,A 2 and C. Thus, we impose additional 
hypotheses on the morphisms above, and obtain a Mayer- Vietoris-like long exact 
sequence of Hochschild (co)homology groups of what we call oriented algebras. 
While doing so, one can see that using the same techniques it is possible to obtain 
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analogous results about cyclic (co)homology as well as for simplicial (co)homology 
groups of algebras (if they are denned) and fundamental groups of the involved 
bound quivers, if the algebras are given in this way. This paper is organised as 
follows: 

In Section Q] we recall some basic constructions related to bound quivers, and 
algebras given by the latter. We then define oriented algebras, give some examples, 
and make some preliminary observations. 

Section [2] is devoted to Hochschild (co)homology. After recalling the basic 
definitions we establish the existence of two long exact sequences of Hochschild 
homology and cohomology groups, in Theorems 12.2.31 and 12.3.21 Moreover, we 
show that the morphisms involved in the cohomological sequence are compatible 
with the Gerstenhaber algebra structure of H*(i?) := ® i>0 H l (R). The remaining 
part of this section is devoted to specialize our results to the case where the algebra 
C is what we call a core algebra, and, on the other hand, to compare the long exact 
sequence of Theorem 12.3.21 with the known long exact sequences of Hochschild 
cohomology groups of [S E51 H3 HH B] . 

In Section [3l again, after recalling some constructions, we establish the exis- 
tence of long exact sequences of cyclic homology and cohomology groups, in Theo- 
rems [3A5] and [3T3781 Moreover, we show that these sequences are compatible with 
Connes' long exact sequences relating Hochschild and cyclic (co) homology groups. 

Finally, in Section [4] we turn our attention to algebras given by bound quivers, 
and, more precisely to algebras having semi-normed basis. The existence of such 
basis allows to define the simplicial (co)homology groups of algebras, following [21j. 
In the same flavor of the previous parts of this paper, but with weaker hypotheses, 
we establish the existence of long exact sequences of simplicial (co)homology groups, 
in Propositions 14.1.11 and 14.1.21 We then consider fundamental groups of bound 
quivers, and obtain an explicit formula that allows to compute them in a context 
which is slightly different from that of the oriented pullbacks. 

1. Preliminaries 

1.1. Algebras and quivers. Throughout this paper, k denotes a commuta- 
tive field and all algebras are associative k- algebras with unit. Tensor products 
are taken over k unless otherwise stated, so ® = ®k- Let R op be the opposite 
algebra of R, and denote by R e its enveloping algebra R <g) R op of R. We shall 
freely use the fact that the category of i?-bimodules is equivalent to the category 
of right (or left) i? e -modules: given a i?-bimodule M, define the right -Restructure 
by m(a ® b) = bma (and the left i? e -structure by (a C5> b)m = amb). 

A (finite) quiver is a quadruple Q = (Qo,Q\,s,t), where Qo and Q\ are two 
(finite) sets, respectively called the set of vertices and the set of arrows, and 
s and t are two maps from Qi to Qo associating to each arrow its source and its 
target, respectively. A quiver Q is connected if its underlying graph is connected. 

A path on length n is a sequence of n arrows uj — &\ot2 ■ ■ • a n such that 
t(ati) = s(aj+i) for each i, with 1 < i < n — 1. The source of such a path is s(«i), 
and its target is t(a n ). Also, to each vertex x of Q, we associate the stationary 
path e x , whose length is 0, and whose source and target are x. An oriented cycle 
is a path cu = a\cti ■ ■ ■ a n of length at least one, such that s(a\) = t(a n ). 

The path algebra kQ is the /c-vector space having as basis the set of all paths 
in Q endowed with the following multiplication: let oj\ and 0J2 be two basis elements, 
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then UJ1UJ2 is their composition if t(u>i) = s(u>2), and otherwise. A relation from 
x to y, with x, y £ Qo, is a linear combination p = J2l=i ^i^i where, for each i, 
u>i is a path of length at least two from x to y in Q and Xi £ fc \ {0}. Let F 
be the two-sided ideal of kQ generated by all the arrows of Q. An ideal I of kQ 
is admissible if there exists m > 2 such that F m C I C F 2 . In this case, the 
pair (Q,I) is called a bound quiver. The algebra kQ/I is basic, connected (if 
so is Q), and finite dimensional (if Q is finite). By abuse of notation, we simply 
denote the primitive pairwise orthogonal idempotents e x + 1 of kQ/I by e x , so that 
IfcQ/J = X^GQo 

Conversely, for every finite dimensional, connected and basic algebra A over an 
algebraically closed field k, there exists a unique connected quiver Q and surjective 
maps v : kQ — > A with I = Ker v admissible (see [!]). The pair (Q,I) is called a 
presentation of A. Following [4], any basic algebra A = kQ/I can equivalently be 
regarded as a locally bounded fc-category having as object class the set Aq = Qq and 
as morphism set from x to y the fc-vector space A(x,y) = e x As y . In what follows, 
we use both terminologies, and pass from one to the other freely. A subcategory 
B of A is called full if, for all x, y £ B , we have B(x, y) = A(x, y), and convex if 
any vertex which lies on a path in Q having its source and target in B also belongs 
to Bq. Note that convexity does not imply fullness. 

1.2. Pullbacks. Let /i : A\ — > C and /2 : A-2 — » C be two surjective mor- 
phisms of /c-algebras. Then the set R = {(01,02) £ Ai x A2I fi(ai) = f 2(0,2)}, 
endowed with the natural operations becomes a /c-algebra, which is in fact the pull- 
back of /1 and /2. As Examples II .2. II below show, one cannot hope to have a direct 
relation between the Hochschild cohomology groups of 7?, A%, A2, and C in general. 

In [17], a special kind of pullbacks has been considered: assume that 1a x = u[ + 
u'l, 1a 2 = u' 2 + u' 2 ' and that there exists an isomorphism A\J < u[ >~ A 2 / < u' 2 > 
sending the image of u'{ under the projection, to the image of u' 2 '. Let C be this 
common quotient, /1 and ^2 the projections, and, as above, R be the pullback of /1 
and /2- In R, let e[ = (u[,0), e' 2 = (0, u' 2 ), and e = (u",^)- A direct computation 
shows that e^Re^ = e' 2 Re' 1 = and that In = e[ + e + e' 2 . In |17| one can find the 
detailed construction of the quiver of R from those of A±,A 2 and C. 

Examples 1.2.1. 

(a) Let A\ and A2 — A°f be the hereditary algebras given by the quivers 

a 

1 > 2 and 1 < 2 , respectively. Moreover, let C be the semi- 
simple algebra generated by the vertices 1 and 2, and, for i £ {1,2} let 
fi : Ai — > C be the projections. The pullback R is then the bound quiver 

a 

algebra given by the quiver 1 j ! 2 with relations a(3 = = f3a. For 

P 

each n > 0, we have K n (R) ^ by [H (p. 96)], while H n (^i) = B n (A 2 ) = 
H n (C) = 0. 

(b) Let R be the algebra given by the quiver 

2 B 

1 3 

4 
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bounded by the ideal generated by all paths of length two. Let A\ and 
A 2 be full subcategories of R generated by the sets of vertices {1, 2, 4}, 
and {2, 3, 4} respectively. Then, R is the pullback of the projections of 
A\ and A 2 over the semisimple algebra C generated by the vertices 1 and 
3. By setting e = e 2 + £4, e[ = E\ and e' 2 = £3, it is easily seen that 
Ir = e[ + e + e' 2 and e[Re 2 = = e 2 Re[. 

Again, as in the previous example, we get from [H (p. 96)] that H n (i2) 7^ 
for infinitely many n > 0, while H"(Ai) = H"(A 2 ) = H n (C) = for each 
n > 0. In fact what allows to construct nontrivial elements in H 4 ™(i?) is 
the fact that ei?e- ^ and e[Re 7^ for i G {1, 2}. 

The last example motivates the following definition. 

Definition 1.2.2. Let R be an algebra. Assume that there exists a decompo- 
sition 1r = e\ + e + e' 2 of the unit of R, where e,e[, e' 2 are orthogonal idempotents 
of R. Then R is said to be oriented by e,e[,e 2 if 

(1.1) e[Re' 2 = e' 2 Re' 1 = 
and one of the following conditions is satisfied : 

(1.2) eRe[ = eRe 2 = 0; 

(1.3) e[Re = e' 2 Re = 0; 

(1.4) e[Re = eRe 2 = 0. 

In this case, we set e, = e[ + e, A[ = e^Re^, A4 — &iRei for i = 1, 2 and C — eRe. 
Finally, we set E = ke' x + ke + ke' 2 C R, E\ = ke\ + ke C A%, E 2 — ke' 2 + ke C A 2 
and Ec = ke C C. 

Clearly, R, C, A\ and A 2 are ^-bimodules, and C, A\ and A 2 are also bimodules 
over the semisimple algebras E, E\ and E 2 respectively. As we shall see, these 
semisimple algebras will play a crucial role in the sequel, as nice substitutes for k. 

Outside the context of bound quivers, an algebra A is said to be convex in 
bigger algebra V (A C T, but not necessarily a subalgebra) if whenever Ai, A2, . . . , A„ 
are elements in T such that IAA1A2 • • • A„1a ^ 0, then each of the Aj's belong to A. 

Also observe that conditions (|l.ip - l|1.4p are chosen in such a way that if R is 
oriented by e, e[,e 2 , then the algebras Ai, A\ and C are convex in R, for i = 1, 2. 

Examples 1.2.3. 

(a) If e = but e[ ^ and e 2 ^ 0, then condition Ijl.ip simply means that 
R ~ A[ x A' 2 = Ax x A 2 . 

(b) Let T, A be two fc-algebras and r-^A be a T — A-bimodule. We can then 

construct the triangular matrix ring R = ^ ^ ^ ^ . By taking 
lr \ , „ / 



(| {) j ' ' - ^ anc ^ e = ( 1 J one can see ^^ a ^ ^ 

is oriented. In case A is a division ring, the R is called a one-point 
extension of V by M, See Remark 1 1. 2 .4^ (a), case 1.3. 

Remark 1.2.4. 

(a) If R is oriented by e, e[ and e' 2 , using the decomposition In = e[ +e + e' 2 , 
the relation R — 1r ■ R ■ 1r, and the isomorphism of ^-algebras i? ~ 
Endfl(i?), one can write R in a matrix form. The next figure shows the 
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possible matrix configurations, together with their corresponding quiver 
configurations in case R is a bound quiver algebra. Note that the only 
possible nonzero paths in each case are indicated by the depicted arrows. 




case (fL2|) case ifL~3)) case (fL4|) 

(b) Note that any matrix algebra of one of these forms is oriented by the 
idempotents e[ — en,e = e 22 ,e 2 — 633, where e« is the 3 x 3-matrix 
having a 1 in position and elsewhere. Moreover, observe that in 
this case R is the pullback of the projections 7Tj : A; — > C : e.;rei 1— > 
ere, for i — 1,2. Therefore, the oriented algebras (with e, e[ and e' 2 
nonzero) generalize the "Nakayama oriented pullbacks" introduced in [18j. 
However, not all pullbacks are oriented, as Examples 11.2.11 show . 

1.3. Some immediate observations. In this section, we establish some im- 
mediate results that will be needed in the sequel. From now on we adopt the 
notations and terminology of Definition 11.2.21 

Remark 1.3.1. Let R be an algebra oriented by a set of idempotents e, e' 1: e 2 . 

(a) Let oi,<72,Ti,T2 G {e[,e, e' 2 }. Then, in R ®e R, we have 

(T\Rt\ ®e 02-Rt 2 = a 1 Rr 1 a 2 ®e cr 2 i?T 2 = o\Rt\ ®e t\U2Rt2 

and, since the idempotents e[, e and e' 2 are orthogonal, this vanishes if ri ^ 
ct 2 . The same argument shows that R® En is generated by the elements of 
the form r\ ® r 2 <8> • • • <S> r n , with rj S OiRri with Oi,Ti G {e, e' 1; e 2 } and 
Tj = <x;+i for each i. Note that we are strongly using the fact that the 
tensor products are taken over E. The claim does not hold if tensors are 
taken over k. 

(b) As noted before, C is full and convex in A\ and A 2 , which in turn are 
full and convex in R. Thus, we have fully faithful embeddings modC C 
mod A C modi?. Consequently, X(E>eY~X(E>e c Y whenever X and Y 
are modules over C (or C op ). 

(c) Let X be an i?-bimodule, or, equivalently an i? e -module. Then there exists 
an epimorphism p : (R e ) n — > X, so that for x £ X we have x = p(r), hence 

e[xe 2 = (e[ (gi e' 2 )x = (e[ ® e 2 )p(r) = p((e^ 18 e' 2 )r) = p(eire 2 ) = p(0) = 

This shows that e[Xe' 2 — 0. Similarly, one can show that e' 2 Xe[ = 0. 

We then get the following lemmata 

Lemma 1.3.2. If R is oriented by a set of idempotents e,e' x and e 2 , then 

(a) eR® En e = (eRe)® En = C® En ; 

(b) ei i?^"ei = (eiitei)®*" = Af En ; 
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(c) e 2 R® En e 2 = (e 2 Re 2 )® En = A® En ; 

Proof. We only prove (a) since the proofs of (b) and (c) are similar, 
(a). Clearly, eRe is included in R, whence (eRe)® EU C R® En . Multiplying by e on 
both sides gives (eRe)® EU C eR® En e. On the other hand, let r = e{r x ® r 2 <8> • • • © 
r n )e be a nonzero element of eR® En e. It then follows from Remark 11.3.11 (a) and 
the convexity of C in R that r, 6 ei?e, for each z. Thus r S (eRe)® En . □ 

Lemma 1.3.3. is oriented by a set of idempotents e,e[ and e' 2 , then the 

following hold, for i = 1,2; 

(a) // eRe\ = 0, then Af En = e^®« n e< © e' t R® En e © C® En ; 

(b) = 0, then Af ETl = e'^^e^ © e#® En e< © C® E ™. 

Proof. This follows from Af E " = (e^e/^ = e iJ R® E "e i = (e' i +e)i? (SE "(e' i + 
e) and Remark [TXll (c) . □ 



2.1. Definitions and notations. Let, as before, A: be a field and R be a k- 
algebra. For each n > 2, consider the morphism of i?-bimodules b' : R® n+1 — > R® n 



Since 6' o b' = 0, we get a complex {R®*,b'). The maps ft : i?® n -» R® n+1 given by 
/i(r © • • • ©r„_i) = 1(g) 

fo © • • • © r n-i define a contracting homotopy, so (i?®*, b') 
is a resolution of the i? e -module R, the so-called Hochschild resolution. 

Let M be a -R-bimodule. If we apply the functor M ©^c — to the Hochschild 
resolution of R, we get a complex whose nth homology group is, by definition, the 
nth Hochschild homology group of R with coefficients in M, denoted H„ (R, M) . 
Similarly, the nth Hochschild cohomology group W l (R, M) is the nth homology 
group of the complex obtained upon applying the functor ~H.om.Re (— , M) to the 
Hochschild resolution of R. We simply write H n (i?) and H™(i?) in case M = R. 

Since A: is a field, R® n ~ 2 is fc-projective and so the module R® n is i? e -projective 
for n > 2. Then the Hochschild resolution (R®*, b') is a projective resolution of R 
over R e . So in our context one may define the Hochschild (co) homology groups of 
R with coefficients in M in the following way: 

H„ (R, M) = Torf (M, R) and H" {R, M) = Ext n Rc (R, M) 

Thus, for each n > there exists an isomorphism <j) n : DH n (R, DM) ~ H„(i?, M) 
(see [6l p. 181]), where D = Homfc(— ,k) is the usual duality. Moreover, the 
Hochschild (co)homology groups do not depend on the projective resolution we 
consider to compute them. For our purpose, it will be necessary to deal with a dif- 
ferent projective resolution of rRr. In particular we will use the following lemma, 
from |24| . 

Lemma 2.1.1. Let R be an algebra and E be a semisimple subalgebra of R. The 
complex 

(2.2) (R® E ',b'): > r®eu+i _^1> R ® E n _^ b ^ R ® E 2JL >R > 



2. Hochschild (co) homology 



given by 



n-l 



(2.1) 
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where b' is given by the formula $2.1\) in which we replace the tensor products over 
k by tensor products over E, is a projective resolution of R as R e -module. 

Hence the groups H n (i2, M) (or H n (R,M)) are the homology groups of the 
complex obtained when we apply the functor M — (or Hom R e(— , M), respec- 
tively) to the projective resolution i|2.2p . 

Now, for n > 2, we have canonical isomorphisms 

(2.3) M ® R e R® E R® En - 2 ® E R ^ M® E -R® En ~ 2 

to <g> r ® x ® r i — > r'mr ® x 

and 

(2.4) Hom R e(R<E>E R® En ~ 2 <S)e R,M) ~ Hom B e (R® En ~ 2 , M) 

f >-> / : m h-» f(l R (g> m <g) ljj) 
Using these identifications we obtain the following (compare with [7, (1.2)]): 

Proposition 2.1.2. Let R be an algebra and E be a semisimple subalgebra of 
R. Let M be a R-bimodule. 

(a) The Hochschild homology groups H„(i?,M) are the homology groups of 
the complex 

M® E 'R® E ' ■ > M ® B * R® e3 ^ M R® e2 ^ M %e R S A M ®e-E^Q 

where the differential 8, is deduced from the definition of b' $2.2\) . and the 
formula \2.3\) . 

(b) The Hochschild cohomology groups H n (R,M) are the homology groups of 
the complex 

Homjje (R®',M) : -> Hom B «(£, M) 5 Hom E e (R, M ) ^> Ho mji e(i? fe2 , M) 5 ■ • ■ 

where, the differential 5* is deduced from the definition of b' $2.2]) . and 
the formula {2.1$ . 

The Yoneda product in H*(i?) = ® i>0 rP(i?) is induced by a cup-product 
defined at the cochain level in the complex of Proposition 12.1.21 (b), as follows. 
Given / £ Hom^ (R®*> n , R) and g <E Honige (R® E,n 1 R) we define the element fUg 
in HomEe(R® En+m ,R) by the rule: 

(/ U g) (n ® ■ ■ ■ <g> r n+m ) = f(n <8> ■ • ■ ® r n )g(r n+1 ® • ■ • ® r„ +m ). 

On the other hand, given z G {1, . . . ,n}, define / Oj g G Hom£; c (i?® E ™ +m ~ 1 , i?) by 
the rule: 

(/ °t g)(n <S> ■■■ ® r„ +m _i) = /(n <8> • • -®g{ri ® ••• ® r J+m _i) ® ••• ® r n+m _i). 

Then we define the composition 

_/0, if n = 0; 

/0 ' 9 ~ 1 E: =1 (-l) (, - 1)(m - 1) /o,ff, ifn>0. 

and finally the bracket of / and j as [f,g] = f ° g — {— lY n ~ 1 ^ m ~ 1 ' g o f. As the 
cup-product, this bracket induces an operation at the cohomology level. These two 
structures are related: in fact H*(i?) = i>o IP(i?), refered as the Hochschild 
algebra over R in the sequel, is a Gerstenhaber algebra (see [12]). That is H*(i?) 
is a graded /c-vector space endowed with a product U which makes it a graded 
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commutative algebra, and a Lie bracket [— , — ] of degree —1 that makes of H*(i?) 
a graded Lie algebra, and such that [x,y Uz] = [x,y] U z + (— l^M -1 )!^ u [x, z], 
where and \y\ are the degrees of x and y, respectively. 

2.2. Long exact sequence of Hochschild homology groups. Let R be 

an algebra, oriented by a set of idempotents e,e[ and e 2 (see Definition 11.2. 2ft . In 
this section, we prove our first main result, that is the existence of a long exact 
sequence relating the Hochschild homology groups of R, C, A\ and A 2 . This will be 
a consequence of the following proposition, in which we freely use the identifications 
given in Remark 11.3.11 and Lemma 11.3.21 

Proposition 2.2.1. Let R be an algebra, oriented by three idempotents e,e[ 
and e' 2 . Moreover, let C — eRe, A\ = e\Re\ and A 2 = e 2 Re 2 be as in Definition 
1 1.2. 2\ Let M be an R-bimodule. For any n > 0, the sequence 

> eMe® Eh C®-c« eiM&i 0Bf A f ».» M ® Ee JZ®*» > 

i=l 

is exact in modi? 6 , where a n = (a™,^)'; with af (erne ® exe) = eiemeei®eiexeei, 
and f3 n = (/?", (3 2 ), with (3™(eimei ® eixei) = (—\) % (eimei ® e%xei), for i = 1,2. 

Proof. Since f? is oriented, we have three cases to consider, these are (|1.2p ~ 
(|1.4p . We only prove the exactness for the case l|1.2p since the proofs for the other 
cases are similar. So, assume that e[Re' 2 = e^Re^ — and also eRe[ = eRe' 2 = 0. 
Using Remark ll.3.1l fc). we have e[Xe' 2 = e 2 Xe[ — 0, and similarly e[Xe = e' 2 Xe — 
for any i?-bimodule X. 

Using l R — e[ + e + e' 2 , we have the decomposition : 

R ® B n _ e ' iR ®Bn e l^ eR ® E n e ^ Q eR ® E n e @ eR ®En^ Q e > flBang/ 

and so 

M® E eR® En = (Af ®e<; e\R® En e'i) © (Af <£>e c eR® BTl e'i) 
©(Af ®b« eR® En e) 

©(Af eR® E,l e' 2 ) © (Af e' 2 R® En e' 2 ) 
~ (dAfei © £ e e , 1 f? c3E "e' 1 ) © {e x Me x © £ « ef?® E ™e' 1 ) 
©(eAfe®^ C» B c«) 

ffi(e 2 Afe 2 ® E ' 2 eR® En e' 2 ) © (e 2 Afe 2 ® B j e' 2 R® En e' 2 ) 

where the isomorphism follows from immediate identification. 
Similarly, for i — 1,2, we get from Lemma Tl.3.31 that 

e l Me l ® El Af E ' n ~ (e.Afe, ® B . ej^el) © (e.Afe, ®E t eR^^e'A 
®(eAfe(8) B a C® B c") 

With these isomorphisms and identifications in mind, we obtain the desired short 
exact sequence of complexes. □ 

Remark 2.2.2. In the above proposition, the fact that the tensor products are 
taken over E is crucial. We have used Lemmata II. 3.21 and II. 3.3( which do not hold 
true if tensor products are taken over k. 

We can know prove our first main result. 
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Theorem 2.2.3. Let R be an algebra, oriented by three idempotents e, e' x and 
e' 2 . Moreover, let C = eRe, A\ = e\Re\ and A± = e 2 Re 2 be as in Deftnition \1.2.2[ 
For any R-bimodule M , there exists a long exact sequence of Hochschild homology 
groups : 

>H 1 (C, eMe) — >Hi(>l 1 ,eiMe 1 ) ®B. 1 (A 2 ,e 2 Me 2 ) — >B.x(R,M) — > 

> H (C, eMe) — > Ho(Ai, eiMei) © H (A 2 , e 2 Me 2 ) — » H (i?, M) > 

PROOF. The result follows from the above Proposition and the observation 
that a n and /?" commute with the differential <5„ of Proposition 12.1.21 (a) , giving 
rise to a short exact sequence of complexes. 

2 

_^ e Me ® s& «_> e% Me l ® E f A® E >' M — » 

whose homology groups are the desired Hochschild homology groups. □ 

2.3. Long exact sequence of Hochschild cohomology groups. In this 
section, we show an analogue to Theorem 12 .2.31 for Hochschild cohomology groups. 
In addition, we show that the maps involved in the long exact sequence are com- 
patible with the Yoneda product and the Lie bracket of the involved Hochschild 
algebras. 

At this point, we stress that one can deduce a long exact sequence of Hochschild 
cohomology groups by applying the isomorphism <j> n : DH n (R, DM) ~ H n (R,M) 
on the long exact sequence of Theorem 12.2.31 We will however avoid this approach 
since we need a clear description of the morphisms to verify their compatibility with 
the Yoneda products and Lie brackets. Their knowledge will also be important for 
Theorem 13.3.91 Nevertheless, since our approach is similar to the one we have 
used for Hochschild homology, we skip some details, for instance the proof of the 
following proposition, which is an analogue to Proposition 12.2.11 

Proposition 2.3.1. Let R be an algebra, oriented by three idempotents e,e[ 
and e 2 . Moreover, let C = eRe, A\ — e\Re\ and A\ = e 2 i?e 2 be as in Definition 
\ 1.2. 21 Let M be an R-bimodule. For any n > 0, the sequence 

2 

-» Rom E e(R® Bn , M) °% Hom E| (Af E ^,e l Me i ) Z Hom fi e (c7® E c™, e Me) -4 

i=i 

is exact in modi? 6 , where a n — (a",^)*, with a™(/)(?r (g> • • • <g> r„) = /(e^i ® 
•••®r„ei) and/3 n = with /3f(/)(n ® • • • ® r n ) = (-l)7(en ® • • • ® r n e), 

fori= 1,2. 

We can now prove our second main result. 

Theorem 2.3.2. Let R be an algebra, oriented by three idempotents e,e* x and 
e' 2 . Moreover, let C = eRe, A\ — e\Re\ and A\ = e 2 Re 2 be as in Definition \1.2.2[ 
For any R-bimodule M , there exists a long exact sequence of Hochschild cohomology 
groups: 

— > H°(R, M) ^ H°(Ai, eiMei) © H°(A 2 , e 2 Me 2 ) ^> H°(C, eMe) — > 
— » R^R, M) ^ H 1 ^, eiMei) © H 1 (A 2 , e 2 Me 2 ) H^C, eMe) — » ■ ■ ■ 
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In addition, if M = R, then the induced maps a™ : H"(i?) — > H"(Aj) and /3™ : 
H n (A;) — » H™(C) are compatible with the Yoneda products and the Lie brackets. 

Proof. It is easily verified that the maps a n and /3™ of the above Proposition 
commute with the differential S n of Proposition 12.1.21 (b), giving rise to a short 
exact sequence of complexes 

2 

_^ Hom^OR®*, M) 0Hom Bf (Af , e.Me,) -^-> Horn*. (C®-, eMe) — > 

i=l 

whose homology groups are the desired Hochschild cohomology groups. This shows 
the existence of the long exact sequence. In order to prove the second part of the 
statement, we need to show that a' = (a*, a*)* is compatible with the cup-product 
and the Lie bracket if M — R. For the cup-product, this follows from the fact that 

if x e Af E * ( n+m ^ ; then x = etxei and 

(<(/)) U(cCG?))0z) = (fUg)(x)=a: +m (fUg)(x), 

for / 6 Hom.E'(R® En , R) and g 6 Horn^e (R® Em , R). A similar argument applies 
to /3*. For the Lie bracket, let / € RoTsx E e{R® Bn ,R), g £ Hom £ = (R® Em ,M) and 
xi ® • • • ® x„ +m _i 6 Af Then 

< +m_1 (/ °j ff)Ol <8> ■ • • ® aCn+m-i) 

= (/ gr)(eia;i ® •• • ® x„ +m _ie 4 ) 

= /(e^i ® • • • ® <8> • ■ • ® a; 3 - +m _i) <8> • • • <& x„ +m _iei) 
= f(eiXi ® • • • ^(eiXj <g> • • • <g) Kj+m-iej) <g> • • • ® x„ +m _iei) 

= «(/)) °j «(ff))(*l ® ' ' ' ® ^n+m-l). 

The result follows by linearity. Similarly, (3* is compatible with the Lie bracket. □ 

2.4. The case where C is a core algebra. This section is devoted to the 
study of a particular class of oriented bound quiver algebras. 

More precisely, let R = IcQr/Ir where Qr is a finite quiver and Ir is an 
admissible ideal in kQR. Moreover, the idempotents e, e[ and e' 2 are sums of 
primitive idempotents s x corresponding to some vertices x in Qr, and Qc, Qai 
and Qa 2 are the full and convex subquivers of Qr generated by these vertices. 
Finally, we have Ic = kQc H Ir, h — kQA ± fl Ir and h = kQA 2 H Jr. Thus, 
C = kQc/Ic, A\ — kQA 1 /h and A 2 — kQA 2 /l2 are also bound quiver algebras. 
For instance, the oriented algebra of Examples 12.5.21 (a) below is like so. 

We show that if R is an oriented algebra as above and C satisfies some spe- 
cific conditions, then the long exact sequence of Theorem 12.3.21 results in concrete 
formula? to compute the Hochschild cohomology groups of R. The conditions we 
impose on C — kQc/Ic are the following: 

(1) Qc contains no oriented cycles, and 

(2) H n (C) = for n > 1, 

In the sequel, an algebra satisfying the above two conditions is called a core al- 
gebra. There exists many important classes of algebras which are core algebras, 
mostly related to trees. 



Examples 2.4.1. 
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Let A = kQ/I, where /is a two-sided monomial ideal and Q is connected 
(for instance A = kQ, a hereditary connected algebra). Then A is core if 
and only if Q is a tree, by US (1.6), (2.2)] 

We recall from |16j that an algebra A is called piecewise hereditary 
of type H if there exists a hereditary algebra H such that the bounded 
derived categories of finitely generated A-modules and //-modules are 
equivalent as triangulated categories. In this case, it follows from 1 1 61 
(4.2)] that H n (A) is isomorphic to H n (H) for n > 0. Moreover, since, 
by 1 1 5 L (IV. 1.10)] the quiver of any piecewise hereditary algebra has no 
oriented cycles, then it follows from Example (a) that A is a core algebra 
if and only if the quiver of H is a tree. 

Following [llj, for an algebra A = kQ/I, we say that H n (^4) strongly 
vanishes (see also [26, 2.2, 4.1] if H"(_B) = for every full convex subcat- 
egory B of A. Also, we say that A has convex projectives (or convex 
injectives) if for every vertex x of Q, the set of vertices {y | e x Ae y ^ 0} 
(or {y | e y Ae x ^ 0}, respectively) is convex in Q. With these definitions, 
the following holds true by [11] : A is a core algebra provided 

(i) A is schurian and H 1 (A) strongly vanishes, or 

(ii) Q has no oriented cycles and A is a tame algebra with convex pro- 
jectives and convex injectives such that H 1 (A) and H 2 (A) strongly 
vanish. 

We continue with the following lemma concerning the center of an algebra, 
whose proof is left as an exercise. Recall that the 0th Hochschild cohomology 
group H (A) of an algebra A is isomorphic to its center Z(A). 

Lemma 2.4.2. Let A — kQ/I be a connected algebra, Si be the idempotent 
corresponding to the vertex i, and ui be an element of the center Z(A) of A. Then, 
uj = J2ieQ ^ + A • 1a, where A G k and u>i G EiT&dAei for each i. 

Remark 2.4.3. It follows from the previous lemma that if C = kQc/Ic is 
an algebra such that Qc contains no oriented cycles, then dinifcH (C) equals the 
number of connected components of Qc- 

We can now prove the main result of this section. 

Proposition 2.4.4. Let R = kQn/In be a bound quiver algebra, oriented by 
three idempotents e,e[ and e' 2 . Moreover, let C — kQc/Ic, A\ — kQAi/Ii and 
A-2 = kQA 2 /l2- If C = kQc/Ic is a core algebra, then: 

(a) dim fc H°(i?) = dim fe H°(Ai) + dim fe H°(A 2 ) - 1; 

(b) dimfeH^i?) = dimfeH 1 ^!) + dimfeH 1 ^) + dim fe H°(C7) - 1; 

(c) W(R) ~ H'(Ai) © W(A 2 ) fori>2. 

PROOF, (a). It is sufficient to show that dim fc Z(i?) = dim k Z(Ai)+dim k Z(A 2 )- 
1. For j — 1, 2, let Mj be a /c-basis of Z(Aj) containing ej, the unit element of Aj, 
We claim that B = (1^ UBi UB 2 ) \ ({ei} U {e 2 }) is a A:-basis of Z{R). Since this set 
is linearly independent by Lemma [2A2l it remains to show that it generates Z{R). 
Let u> be an element of Z(R). By Lemma[2A2l we have u> = X)ie(Q R ) w i + A • 1_r, 
where A G k and u>i G Eir&dREi for each i G (Qr) . Moreover, since Qc has no 
oriented cycles, we have ui — J2ie(Q R ) \(Q c ) a w i + A • 1r. Therefore, we can write 
without ambiguity w = p\ + p 2 + A • Ir, where pj — J2ie(Q A , ) 3 = 1) 2- It then 
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remains to show that Pj £ Z(Aj) for j = 1,2 since, by construction, pj £ Z(Aj) 
if and only if pj belongs to the fc-vector space generated by % \ {ej}. Let rji be a 
path in Qa 1 ■ We have : 

PiVi + Mi = P1V1 + + Xrji = pir/i + p 2 ?/i + A ■ 1_r?7i = ur)i 
= T]iu = rupi + r\\p2 + Xrji ■ 1r = rjipi + + Aryi 

= mpi + Mi 

whence p\r)\ = r\\p\- Therefore, p\ £ Z(A{). Since, similarly, p2 £ Z(A 2 ), w 
belongs to the /c-vector space generated by B and B is a /c-basis of Z(R). In 
particular, dimkZ(R) = dimkZ(A\) + dinifcZ(A 2 ) — 1, and this proves (a). 

(b) . Since EP(C) = for each i > 1, it follows from Theorem 12.3,21 that we 
have the following exact sequence : 

— » B°(R) — > H°(Ai) © B°(A 2 ) — > H°(C) — » H 1 ^) — > H 1 ^) © H 1 ^) — » 
whence, 

dim^H 1 (i?) = dimfeH 1 ( Ai ) + dinifcH 1 (A a ) + dim fc H° (C) 
+dim fe H°(i?) - dinifcH ^!) - dim fe H°(A 2 ) 

But dim fc H°(i?) - din^H ^) - dim fe H°(A 2 ) = -1 by (a). 

(c) . This follows directly from Theorem 12,3.21 □ 

2.5. Examples and comparison. We now compute some examples and com- 
pare the sequence of Theorem [2321 with other ones existing in the literature. First, 
let 

R= ( A ° 

V bM a B 

where A and B are arbitrary finitely generated /c-algebras and M is a finitely 
generated B-A-bimodule. Then R is a fc-algebra under the usual matrix operations. 

In the eighties, D. Happel proved in [16] the existence of a long exact sequence 
relating the Hochschild cohomology groups of R, A and B in the particular case 
where B = k. Over the years, several variations and generalizations of this se- 
quence have been obtained. The most recent long exact sequences now apply for 
an arbitrary algebra B (see [9], I23L I13L I14L [2]). 

Theorem 2.5.1. Let R be as above, ea and e B are the unit elements of A and 
B and let X be a R-R-bimodule. Then, there exists a long exact sequence 

-» E°(R, X) -» E°(A, e A Xe A ) © H ^, e B Xe B ) -» Ext° mkAop (M, e B Xe A ) -» 

-> H 1 (R, X) -» H 1 (A, e A Xe A ) © H 1 (B, e B Xe B ) -» EbrtJ^o, (M, e B Xe A ) ^ ■ ■ ■ 

The following examples show the difference between the exact sequence of The- 
orem [2321 and the above sequence. 

Examples 2.5.2. 
(a) Let R be the bound quiver algebra given by the quiver 

5. .6 
2^3^4 



(CO)HOMOLOGY THEORIES FOR ORIENTED ALGEBRAS 



13 



bounded by the ideal generated by all paths of length two. Let e = 
e 1 + £2 + £3 + £4, e[ — £5, and e' 2 = e 6 be the three idempotents orienting 
R. By [8, (p. 96)], 

C fc, if i = 0; ( fe, if « = 0; 

H l (Ai) ~ H ,; (A 2 ) ~ \ fc 2 , if i = 1; and W(R) ~ ^ fc 4 , if i = 1; 

[ 0, otherwise; [ 0, otherwise. 

Moreover, since the quiver of C is a tree, H°(C) = fc and IP(C) = for 
i > 1. By Theorem 12.3.21 and Proposition 12.4. 4} there exists an exact 
sequence : 

_> H°(.R) -> H°(Ai)eH°(A 2 ) _> H°(C) -> H^iJ) -» H 1 (Ai)ffiH 1 (A 3 ) — > H X (C) -> - 

> r l~ l > feefe > fe Tfe 4 " 1 > fe 2 efe 2 > > ■•• 

T i L J 

On the other hand, if we respectively denote by S x and P x the simple mod- 
ule and the projective module associated to the vertex x in the quiver, 
one can see R as the one-point extension 

where M — radPg = S 2 © S3 © 5*4 is a semisimple module without self- 
extensions. In this case, the long exact sequence of Theorem l2.5.1l is given 
by : 

_> H D (fi) — > H (A x )©fe — > Hom Al (M,M) — > H 1 (R) —> H 1 (Ai) — > Ext\ l (M,M) _> ■•■ 
> k } fc©& > A; 3 > k 4, > A; 2 > > ■■■ 



The two long exact sequences are clearly different, 
(b) Let R be the algebra given by the quiver 



O , , , O 

1< 2<— 3<— — 4 



with the relations a 2 = a(3 = (3j = 8e = e 2 = 0. Let e = £3, e[ = s\ + £2 
and e' 2 — £4. Then the conditions (|l.ip and Q1.4jl of Definition 11.2.21 are 
satisfied, and so R is oriented. A quick application of [§J (p. 96)] and 



Theorem 12.5.11 gives : 

fc 2 , ifi = 0; 



ff(^)~ff(A 2 ) 



fc, otherwise 



Moreover, H°(C) = fc and 1T(C) = for i > 1. By Theorem [2321 and 
Proposition 12.4.41 there exists an exact sequence 

_> H°(_R) _> H°( J 4 1 )©H°(A 2 ) _> H°(C) -> H 1 (R) —> H 1 (A^ffiH 1 (A 2 ) —> H^C) -> - 

— > fe 2 efc 2 > ffc 2 " 1 > fcefe > > ••• 

L J L J 

from which we obtain that H^i?) ~ fc 2 and W(R) ~ H*(Ai) © W(A 2 ) ~ 
fc © fc for i > 2. On the other hand, one can see i? as the following matrix 
algebra 

u _( M 



14 



J. C. BUSTAMANTE, J. DIONNE, AND D. SMITH 



where A' 2 is the full subcategory generated by the vertex 4 and M is the 
^-^l-bimodule given by the arrow (3. In order to apply the sequence of 
Theorem I2,5.1[ one needs to compute Ext l A / ^ Al o P (M, M) for i > 0. A 
direct computation leads to the fact that A' 2 ® A\° v is given by the quiver 

4®e 

4®5 , „ 407 

4 (8 1 >4<g)2 > 4(g) 3 

u u u 

a®l a®2 a®3 

bound by the relations induced by those of R, that is (a<g>l) 2 = (a® 2) 2 = 
(a ® 3) 2 = (4 ® e) 2 = (4 ® e)(4 ® <S) = 0, (a <g> 1)(4 ® *) = (4 ® 5) (a ® 2) 
and (a ® 2) (4 ® 7) = (4 ® 7) (a <g> 3). Moreover, the A' 2 ® Ai° p -module 
M is the simple module S4®3. However, since (a ® 3) 2 = 0, it follows 
from PH (1.4)] that Ext^, 8Al o P (M, M) ^ for i > 1. Hence, the long 



exact sequence of Theorem l2.5, II cannot efficiently be used to compute the 
Hochschild cohomology groups of R. At least, it cannot be used to show 
that W(R) ~ W{A X ) © B i (A 2 ) ~ fc © fe for i > 2. 



3. Cyclic (co)homology 

The strong relation between cyclic (co)homology and Hochschild (co)homology 
theories brings up the natural question whether oriented algebras give rise to long 
exact sequences of cyclic (co) homology groups. In what follows, we show that the 
answer is positive, and moreover that these long exact sequences are compatible 
with Connes' long exact sequences. 

The first part of this section is devoted to basic definitions and tools concerning 
cyclic (co)homology, including the Connes' long exact sequences. Then we consider 
the oriented algebras again and prove our main results. 

We refer to |20| and [3] for more details on cyclic (co)homology theory. 

3.1. Definitions and notations. We first recall the following general con- 
structions. A bicomplex C„ is a collection of modules C pq , with p, q S Z, to- 
gether with a horizontal differential d h : C p<q — > C v -\. q and a vertical differential 
d v : C p , q -> C p ,g_i satisfying d v d v = d h d^ = d v d h + d h d v = 0. Now, given a 
bicomplex C.. in the first quadrant, that is C p . q = provided p < or q < 0, 
define, for n € Z, the module (TotC..)„ = p+9=n C P ,q, and, further, the complex 

> (TotC..) n+1 (TotC..)„ (TatCOn-i > ■ ■ • 

where d = d h + d v . This complex is called the total complex of the bicomplex C„. 
Then it is a routine verification that a short exact sequence of bicomplexes in the 
first quadrant yields a short exact sequence of their associated total bicomplexes. 

Now, let R be an algebra. For each n > 2, consider the morphism of R- 
bimodules b : i?®" — ► i?®" -1 given by 

n-2 

(3.1) b(r <S> • • • ® r„_i) := ^(-l) l (r ® r x <g> • • • ® r,r 4+ i ® • • • © r„_i) 

i=0 

+(-l) n - 1 (r n _ir © ri © • ■ • <g r„_ 2 ) 
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It is easily verified that b o b — 0, so we get a complex (R®',b). 

On the other hand, for n > 1, the cyclic group Z n+ i acts on R® n+1 by letting 
its generator t acts by t(ro®- ■ -®r n ) := (— l)"(r„®ro • ■ -®r n ^i). For n = 0, let £ be 
the identity map. So t defines an endomorphism on R® n+l . Let N = l+t+- ■ - + t n . 
Then the following diagram 

(3.2) : : : : 



R 



®3 



N 



R<- 



N 



-b' 



JY 



i?<- 



A' 



-6' 



N 



where b and 6' are as in (|3.ip and l|2.ip . is a bicomplex in the first quadrant. This 
diagram is called the cyclic bicomplex associated with R and is denoted CC{R). 
By definition, the nth cyclic homology group of R is given by 

EC n (R) :=H„(TotCC7(i?)), 

that is the nth homology group of the total complex associated with CC{R). 

In order to define the cyclic cohomology groups, we consider the standard 
duality D = Hom/ £ (— ,k). Applying D on the bicomplex CC(R) above yields the 
dual bicomplex D(CC(R)). By definition, the nth cyclic cohomology group 
HC n (i?) of R is the nth homology group of the cochain complex TotD(CC(R)): 

HC"(i?) := U n (TotD(CC(R))). 

3.2. Connes' exact sequences. Let CC(R)^ be the bicomplex consisting 
of the first two columns of CC(R). By Killing's lemma (see [20, p. 55] for instance) 
the homology groups of TotCC(R)^ are isomorphic to the homology groups of 
the first column, which are the Hochschild homology group H„(i?) because 1r <g> b' 
becomes b under the isomorphism R(^r» R® n+2 ~ R(g)R® n given by tq ® n ® • ■ • <g> 
r n +2 h-> r„ +2 r ri (8) r 2 (8) • • • ®r n+1 . Now, let (CC(R)[2, 0]) pq = CC(R) p - 2 , q . Thus, 
the short exact sequence of bicomplexes 



> CC(R)W > CC(R) 



->CC(R)[2,Q] 



->0 



yields a short exact sequence of total complexes, and so a long exact sequence 



H„(i?) — » HC„(i?) — » HC„- 2 (i?) ■ 



•H. 



relating the Hochschild homology groups and cyclic homology groups of R, called 
the homological Connes' exact sequence. 

Dually, let D(CC(R))^ denote the bicomplex consisting of the first two columns 
of D(CC(R)). Since D is an exact functor, Killing's lemma applies and the ho- 
mology groups of TotD(CC(R)){ 2 } are isomorphic to the homology groups of the 
first column, which are the Hochschild cohomology groups H n (R, D(R)) because 
HotnRe(&', D(R)) becomes D(b) under the isomorphism 4> : Hom^ (R® n+1 , D{R)) — > 
Hom fe (i?®",fc) sending any / £ Hom^ (i?®" +1 , D(R)) to the map <f>(f) defined by 
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<K/)(»-o ® • ■ • <8> r„_i) = /(l ® n <8> •• • <8> r„_i <g> l)(r ) for r ® • ■ ■ <8> r n _i G R® n . 
Therefore, the short exact sequence of bicomplexes 

> D(CC{R)){2, 0] > D{CC{R)) > D(CC{R))W > o 

(where D(CC(R)[2,0]) pq = D(CC(R)) p - 2 ,q) yields a short exact sequence of total 
complexes giving rise to the cohomological Connes' exact sequence 

> W l {R, D(R)) -> HC™" 1 ^) -» HC ,l+1 (i?) -» W l+1 (R, D(R)) -> • • • 

3.3. Cyclic (co)homology for oriented algebras. Let R be an algebra, 
oriented by three idempotents e, e'^e^. We also adopt the notations and terminol- 
ogy of Section fOl In what follows, we give an analogues to Theorems 12,2.31 and 
12,3.21 for the cyclic (co)homology groups. 

The strategy is the same as for Hochschild (co)homology groups. Thus, in view 
of Remark 12.2.21 it will be necessary to deal with tensor products over E rather 
than over k. This means that it would be nice to construct a short exact sequence 
relating the bicomplexes CCe{C), CCe{A\), CCe(A2) and CC'e(R) (where these 
are obtained from the bicomplexes (|3.2p by replacing the tensor products over k by 
tensor products over E), giving rise to a long exact sequence of homology groups. 
However, although such a sequence exists, this is unfortunately not sufficient be- 
cause there is no guarantee, for instance, that the total complexes of CC{R) and 
CCe(R) have the same homology groups. This problem can be fixed by what is 
sometimes called the relative Hochschild homology. 

Let S be a subring of R (in our case we will take S — E). In particular, R is 
a 5-bimodule. Consider the S'-subbimodule J n of i?® s ™ generated by all elements 
of the form (sri ® r 2 <£> • ■ • <£> r n ) — (r\ ® ra <8> • • • <8> r n s) for any s G S and n G R. 
Given x,x' € R® sn , we write 

x ~ x' provided x - x' G J™, and define R®^ n := R® sn /J n . 

It is straightforward to check that the differential b of (|3.ip is compatible with the 
relation ~, in the sense that if x ~ x' then b(x) ~ b{x'). So there is a well-defined 

complex (i?® s ™,6). It's nth homology group is denoted H^(i?). 

Recall that an algebra S is called separable over k if the S'-bimodule map 
u : S ® S op — * 5 splits. This is equivalent to the existence of an idempotent 
e = J2 u i ® v i G ® , S' op sucn that = 1 and (s ® ls)e = (Is ® s)e for any 

sg5. 

Then we have the following theorem from [201 (p. 21)]. 

Theorem 3.3.1. Let S be separable over k. Then the canonical projection 

7r : (R® n ,b) — > (i?® s ™,6) is a quasi-isomorphism. In particular, H„(i?) ~ H^(i?) 
/or any n > 0. 

Moreover, it is straightforward to check that if, in the diagram <|3.2[) . we replace 
the tensor products over k by tensors products over S, to obtain a complex CC's(R), 
the induced applications b, —b', t and N are compatible with the relation ~, so that 
we obtain a bicomplex CCs(R), refered in the sequel as the relative bicomplex, 
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given by 
(3.3) 



-t N 



i?' 



AT 



i?' 



and the map n of Theorem 13.3.11 extends to a map of bicomplexes ir : CC (R) — » 
CCs(R)- Moreover, with these notations, Theorem [3AT] assures that the restriction 
of ir to the columns of type b is a quasi-isomorphism. On the other hand, since the 
columns of type b' are exact, the projection it trivially induces a quasi-isomorphism 
on the columns of type b'. Then, it follows (see [20, Proposition 1.0.12] for instance) 
that the map induced by n on the total complexes is a quasi-isomorphism. We have 
just proved the following proposition. 

Proposition 3.3.2. Let R be an algebra and S be a separable subalgebra of R. 
Then HC„(i?) ~ H„(Tot(7C^ (R)) for each n > 0. 

For an oriented algebra R, the subalgebra S = E of R is separable over k (take 
e = e l 1 (3e l 1 + e(3e + e2®e' 2 ), and so are the subalgebras Ec of C, E\ of A\ and E% of 
A 2 . As a consequence, to obtain a long exact sequence of cyclic homology groups, 
it suffices to construct a short exact sequence of relative bicomplexes of R, C, A\ 
and A2. The existence of such a sequence will follow from the next proposition. 

Proposition 3.3.3. Let R be an algebra, oriented by three idempotents e, e[, e' 2 . 
For any n > 1, the sequence 



0- 



•E 2 I 



->0 



is exact in modi? 6 , where f n = (/" , f^Y, with /"(en 



r n eei, and g n — (g™,g 2 ), with <?"(e,ri <8 
i = 1,2, 



1 r„ej) = (-l) l (ejn 



eien 65 • ■ • 55 
• ® r n e,), /or 



Proof. Since eie 



eej, the map /" is trivially injective. Also, Img™ C 



Ker/ n . Conversely, assume 11 = ^ 



E " and x 2 



r' ni e 2 e E " are such that g n ((xi,x 2 )) = 0. By definition of g n , 



we get xy— X2 — 0, and so x\ — x 2 . Let x be this common value. Multiplying x by ei 



on both sides gives x = x\ = e\X\e\ = e\x 2 &\ = e\X2&\ = X];=i 1 



ir'je since 



eie 2 



e 2 ei. So a; £ C® En and /™(x) = (xi,a; 2 ), showing that Kerg™ C lmf n . 



It remains to show that g n is surjective. Let r S R® En . Since lj? 
and e^re^ = = e^rej by Remark ri.3.11 (c). we have 



°\ + e[re + e^re^ + ere^ + ere + ere' 2 + e' 2 re' 1 + e' 2 re + e' 2 re 2 



e 1 re 1 



e'^re 



ere q 



ere 



ere 2 + e 2 re + e 2 re 2 
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Moreover, since e\e\ = e[ = e^e-y, we have e\e = e = ee\. Similarly, e 2 e = 
e = ee 2 . We get T\ := e! x re\ + e[re + ere[ + ere £ eiR® En ei = Af Bn and 
r 2 := ere' 2 + e' 2 re + e' 2 re' 2 £ e 2 R® En e 2 = Af En . This shows that g n {n, -r 2 ) = r 
and g n is surjective. Similar arguments show that /" and g n are -E e -linear. □ 



Corollary 3.3.4. Let R be an algebra, oriented by three idempotents e,e' x ,e 2 . 
For any n > 1, there exists a short exact sequence in modi5 e of the form 



>(55^n^^Af El "0^ B2n ^^ >0 

Proof. It suffices to check that the maps f n and g n in Proposition 13.3.31 are 
compatible with the relation ~ and remain respectively injective and surjective, 
which is straightforward. □ 



We can now state and prove the main results of this section. 

Theorem 3.3.5. Let R be an algebra, oriented by three idempotents e, e* x and 
e' 2 . Moreover, let C = eRe, A\ = e\Re\ and A\ = e 2 Re 2 be as in Definition \1.2.2[ 
There exists a long exact sequence of cyclic homology groups : 

> Hd(C) — » HCi(Ai) © Hd(i 2 ) — > HC x (iZ) — » 

> HC (C7) — » HCo(Ai) © HC (A 2 ) — > RC (R) — > 

PROOF. The maps /" and g n of Corollary 13.3.41 commute with b, b' , t and N 
in p.3p , so they extend to a short exact sequence of relative bicomplexes 



/* 9* 

(3.4) >CC7 C (C) >CC^Mi)®CC^2(M >CCe{R) >o 



The result then follows from Proposition 13.3.21 □ 



In Theorem 12.2.31 and Theorem 13.3.51 we have obtained long exact sequences 
of Hochschild homology groups and cyclic homology groups. A deep inspection of 
the natural morphisms involved in these sequences, as well as in Connes' long exact 
sequence yields the following result, whose verification is left to the reader. 

Theorem 3.3.6. Let R be an algebra, oriented by three idempotents e, e' x and 
e' 2 - Moreover, let C — eRe, A\ = eiRei and A± — e 2 Re 2 be as in Definition \1.2.2[ 
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There exists a commutative diagram 

> a}(R) > Hcl(i?) > HC n ! 2 (fl) > H n icR) > 

> H n _!(C) > HC„_i(C) > HC„_ 3 (C) > H„_ 2 (C) > 

Hn-i(Ai) HC„_ x (Ai) HC n _ 3 (^i) H„_ 2 (A!) 
H„_!(A 2 ) HC„_!(A 2 ) HC„_ 3 (40 H„_ 2 (A 2 ) 

> H„_x(i?) > RC n ^(R) > HC n _ 3 (iZ) > H„_ 2 (ii) > 

j, 



m which the rows and columns are exact. 

We finish this section by showing that dual results hold for cyclic cohomology 
groups. Let R be an algebra and S be a separable subalgebra. We have seen (in 
our discussion before Proposition 0021) that the canonical projection it : CC{R) — ► 
CCs{R) is a morphism of bicomplexes which is a quasi-isomorphism when restricted 
to the columns. Because D = Hom/ £ (— ,k) is exact, the dual morphism D(n) : 
D(CCs{R)) — * D(CC(R) has the same property. Thus the map induced by D(ir) 
on the total complexes is a quasi-isomorphism. We get the following. 

Proposition 3.3.7. Let R be an algebra and S be a separable subalgebra of R. 
Then RC n (R) ~ H" (Tot D(CCs(R))). 

As a consequence, to obtain a long exact sequence on cyclic homology groups, it 
suffices to construct a short exact sequence of the duals of the relative bicomplexes 
(for S = E). But such a sequence exists by l|3.4p and the fact that D is exact. We 
have shown the following theorem. 

Theorem 3.3.8. Let R be an algebra, oriented by three idempotents e, e[ and 
e' 2 . Moreover, let C — eRe, A\ — e\Re\ and A\ = e 2 i?e 2 be as in Definition \1.2.2\ 
There exists a long exact sequence of cyclic cohomology groups: 

— » HC°(i?) — > HC°(Ai) © HC°(A 2 ) — » HC°(C) — » 

— > R&iR) — > HG x (Ai) © HC 1 (A 2 ) — » HC X (C) — » • • • 



Here again, the long exact sequences obtained in Theorem 12.3.21 and Theorem 
13.3.81 embed with the cohomological Connes' exact sequence, so that we get the 
following result, whose verification is left to the reader. 

Theorem 3.3.9. Let R be an algebra, oriented by three idempotents e, e' x and 
e' 2 . Moreover, let C = eRe, A\ = eiRei and A± = e 2 i?e 2 be as in Definition \1.2.2[ 



20 



J. C. BUSTAMANTE, J. DIONNE, AND D. SMITH 



There exists a commutative diagram 



I i I I 

->H n (_R,D(_R)) >HC"- 1 (R) >HC n+1 (i?) > U n+1 (R, D(R)) > 

j, j, \~ 

R n (A 1 ,D(A 1 )) HC™- 1 ^!) HC n+1 (yl 1 ) H n+1 (Ai, D(Ai)) 

® — > ® — > ® — > ® — > 

U"(A 2 ,D(A 2 )) HC^-^Aa) HC n+1 (A 2 ) R n+1 (A 2 ,D(A 2 )) 

\* \^ \^ \^ 

-> H"(C, D(C)) > HC™- 1 ^) > HC' I+1 (C) > H n+1 (C, D(C)) > 

1111 



H n+1 (_R, D(R)) > HC n (ii) > HC n+2 (i?) > H n+2 (R, D(R)) > 

j, j, 



in which the rows and columns are exact. 

4. Simplicial (co) homology and fundamental group 

In this section we consider algebras of the form R — kQn/In. More precisely we 
study the simplicial (co)homology groups of R (in case they admit semi-normed ba- 
sis) as well as the fundamental group tti{Qr,Ir). As before, we show the existence 
of Mayer- Vietoris long exact sequence relating the simplicial (co)homology groups. 
Then we prove that under some additional assumptions, it is possible to express 
the fundamental group of {Qr,Ir) in terms of those of (Qc,Ic), {Qaxi^Ai) and 
(Qa 2 i Ia 2 ) • We further apply this result to the computation of the first Hochschild 
cohomology group of some schurian oriented algebras. 

We stress here that the validity of one of the conditions {L2|) - |[T3t is n °t nec- 
essary in the sequel, and so the results contained in this section apply for a slightly 
more general family of algebras, that is those satisfying (possibly only) condition 
(|l.ip . for instance the algebra of Examples 11.2.11 (b). Nevertheless, we will not 
make any distinction and we will keep going with the expression "oriented alge- 
bras". Also, all algebras considered in this section are bound quiver algebras, that 
is of the form kQ/I for some bound quiver (Q, I) (see Sections fTTTI and I2T41 for more 
details). 

4.1. Simplicial (co)homology. Given an algebra R = kQ/I and a pair [x, y) 
of vertices of Q, let y M x be a basis of the fc-space e x Re y and B = [j, x y )£Q oX Q v^ x - 
We say that B is a semi-normed basis [21 J if: 

(a) e x £ X M X for every vertex x G Qo; 

(b) a + I G y M x for every arrow a : x — > y; 

(c) For a and a' in B, either aa' — or there exists ^ \ a ,a f 6 k, and 
b(a,a') € B such that aa' = X at<T tb(a,a'). 

Assume R — kQR/lR admits a semi-normed basis. Following |22L I21| . one 
can associate to R the chain complex (SC. (R),d) as follows: SCo(-R) and SCi(i?) 
are the free abelian groups with basis Qo and B, respectively. For n > 2, let 
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SC n (i?) be the free abelian group with basis the set of n-tuples (ci, &2, ■ ■ ■ , °Yi) 
of B™ such that o\a 2 ■ ■ ■a n ^ 0, and cr, ^ ej for all i,j G Qq. The differential 
d n : SC n (R) — > SC„_i(i?) is defined on the basis elements by the rules d\{a) = y — x 
for a G j,B x and 

d n ((Ti, (72, er n ) = (<72, • • • , 0Vi) 

n-l 

+ ^(-l) J (<Tl, • • .,6((Tj,£7- 3 - + i), . . . ,(T„) 

i=i 

+ (-l)> ls ...,a B _i) 

for n > 1 and (ai, <72, . . . , cr„) G SC n (i2). 

The nth simplicial homology group of R (with respect to the basis B) 
is the nth homology group of the chain complex (SC.(i2), d,), and we denote it 
by SH„(i?). Given an abelian group G, the nth-simp licial cohomology group 
SH n (i?, G) of R with coefficients in G is the nth cohomology group of the complex 
obtained by applying the functor Hom z (— ,G) on the chain complex (SC.(i?), d,). 

Observe that the above chain complexes depend essentially on the way B is 
related to /. Hence, as for fundamental groups (see Section |4~2|) . different presen- 
tations of R may lead to different simplicial (co)homology groups. See (5J (5.2)] for 
an example. 

If R is oriented by e, e[ and e' 2 with Bi and B2 semi-normed bases of A\ and 
A 2 , respectively, then Mr = Bi UB2 and Be = Bi 082 are semi-normed bases of R 
and C, respectively. This leads to the following results. 

Proposition 4.1.1. Let R be oriented bye,e' x and e' 2 . Moreover, assume that 
A\ and A 2 admit semi-normed basis. Then there exists a long exact sequence of 
simplicial homology groups: 

> SH n (C) — » SR n (At) © SH„(A 2 ) — > SH„(i?) — > SH n _!(G) — > • • ■ 

Proof. By the above discussion, R and C admit semi-normed bases. For 
i > 0, define 

Pl : SCi(ili) © SCi(A 2 ) > SC<(iZ) 

((/3i, . . . , ft), (71, . . . ,7^) l > {flu ■ ■■, A) - (71. •• • >7<) 

The map p, is a morphism of complexes. Moreover, let a = (ai , . . . , a,) be a 
generator of SCi(R). Since e^-Re^ = e 2 i?ej = 0, then, for each j, we have atj G Bj 
or ay G B2. Consequently, a G SQ(Ai) or a G SC,(A2), whence p, is surjective. 
Moreover, the kernel of p» is exactly SQ(G). We obtain a short exact sequence of 
complexes 

(4.1) — » SC. (CO — » SC.(Ai) © SC. (4 a ) — > SC.(i?) — > 

from which we deduce the result. □ 

Proposition 4.1.2. Let R be oriented by e, and e' 2 . Moreover, assume that 
A\ and A 2 admit semi-normed basis. Then, for each abelian group G, there exists 
a long exact sequence of simplicial cohomology groups: 



-» SH"(i?, G) -> SH"(Ai, G) © SH n (A 2 , G) -4 SH"(G, G) -> SH ,i+1 (i?, G) -> 
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Proof. Since SCi(i?) is a free abelian group for all i, the sequence (|4.ip splits 
and so the short sequence of complexes obtained by applying Homz(— , G) to the 
sequence (|4,ip is exact. □ 

4.2. Fundamental group. Let (Q,I) be a bound quiver. Recall from |22| 
that, given two vertices x, y € Qq, a relation p = J2i=i ^i^i G / H kQ{x, y) is called 
minimal provided n > 2 and J2ie.J ^ iUJi & Ir\kQ(x, y) for every proper subset J of 
{1,2, ... ,n}. Let be the union of Q\ with the set of inverse arrows a -1 :y^>x 
for each arrow a : x — > j/ in Qi, a walk in (QojQi) is a path in (Qo,Q'i)- The 
homotopy relation in the set of walks on Q is the smallest equivalence relation 
such that: 

(a) For each arrow a : x — > y G Qi, aa" 1 ~ e x and a _1 a ~ e y ; 

(b) If X)"=i ^i^i ls a minimal relation, then u>j ~ Wfc for all 1 < j, fc < n; 

(c) If u,v,w,w' are walks such that w ~ w', then uwo ~ uw'v, whenever 
these compositions are defined. 

A minimal relation p is fundamental if there does not exist a nontrivial path 
u and a minimal relation u> such that p — uju or p — ulu. One can see that the 
above homotopy relation does not change if we replace the condition (b) by 

(b') If Y17=i ^ iUJi 1S a fundamental minimal relation, then uij ~ uik for all 
1 < j, k < n. 

When dealing with homotopy, it is thus sufficient to consider only the funda- 
mental minimal relations. Here, we give examples of fundamental minimal relations. 

Example 4.2.1. Let Q be the quiver 




bound by the relations /3±ai — fiia-i = £i5i — E2&2 = ^i7/?i = = 0. The 

minimal fundamental relations are /3i«i — f32&2 and S\5i —E2&2, while the relations 
j(Piai — (52OL2) and — £2^2)7 are minimal but not fundamental. 

For a fixed vertex x G Qo, let tti(Q, x) be the fundamental group of the under- 
lying graph of Q at the vertex x, that is the set of homotopy classes of closed walks 
on Q starting and ending at x. It is well-known (see [25] . for instance) that ni(Q, x) 
is isomorphic to the free multiplicative nonabelian group on x{Q) = \Qx\ ~ \Qo\ + 1 
generators. Now, let N(Q,I,x) be the normal subgroup of ni(Q,x) generated by 
the elements of the form wuv~ 1 w~ 1 where w is a path starting at x and u, v are 
two homotopic paths. The fundamental group at x of the bound quiver (Q, I) is 
defined to be 7Ti(<3, /, x) — ■K\{Q)/N{Q, I, x). If Q is connected, this definition does 
not depend on the choice of x. Accordingly, we write ni(Q,I) — iti(Q)/N(Q,I), 
and call it the fundamental group of the bound quiver (Q,I). Similarly, we write 
7Ti(Q) instead of Tti(Q,x). 

On other hand, following [5], to a bound quiver (Q,I), we associate a CW 
complex B(Q, I) (called its classifying space) in the following way: the 0-cells are 
given by Qo and the n-cells are given by n-tuples (aT, . . . , ovT) of homotopy classes 
of nontrivial paths of (Q, I) such that the composition <J\o-z ■ ■ ■ a n is a path of (Q, I) 
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not in /. Then, by p>J (3.3)], there is an isomorphism of groups 

(4.2) n 1 (Q,I)~n 1 (B(Q,I)) 

We shall use this fact, together with Van Kampen's theorem, in the following 
proof. 

Proposition 4.2.2. Let R — kQn/In be a bound quiver algebra, oriented by 
three idempotents e, e' x ande' 2 . Moreover, assume ihatC = kQc/Ic, A\ — UQax/Ix 
and A 2 — kQA 2 /h and that, for each fundamental minimal relation lo on (Qr, Ir), 
all the paths occurring in u> are either contained in Qc or contain no arrows from 
Qc- Let Qc — Uj=i QGj with each Qc, connected, and set Ic s — Ir H fcQcv 
Then, 

in, j \ 7: 1 (QA 1 ,lA 1 )Yl'n-i{QA 2 ,lA 2 )]lL m - 1 
ni{QR,-lR) ~ Tjm 77; j—, 

where ]J denotes the free product of groups and L m -\ is the free group in m — 1 
generators. 

Proof. Let n\, n 2 , ur, n and rij be the number of vertices in Qa x , Qa 2 , Qr, Qc 
and Qcj respectively. In particular, n R = n x + n 2 — n. Let T Cj be a maximal tree 
in Qc, , Tc be the disjoint union of the T Cj and for i G {1, 2}, let be a maximal 
tree in Q Ai such that T x n T 2 = T c . Such maximal trees always exist. In addition, 
KTcW = E™i K^OJ = - 1) = n - m. For i = 1,2, set 

QAi = QAi ]^[ Tk with k ^ i and I; L = IrD kQAi ■ 
t c 

Observe that Qr = Qa x 1Iq c Qa 2 - In addition, |(Qai)oI = n R an d 

= KQaJJ + KTaJJ - KTcW = + (n 2 - 1) - (n-m) 

and a similar expression holds for | (Qa 2 ) 1 1 • So, iti(Q Ai ) is the free group in x(QAi) 
generators, where = x(<2aJ + (m- 1). Then, ni(Q Ai ) - tt^OaJ U im-i- 

Moreover, by our assumption on the fundamental minimal relations, we have an 
inclusion of groups Li : ^1(0 A t , U) ^i(Qr,Ir)- Also, the restriction to (QAi,Ii) 
of the homotopy relation on (QAnh) coincides with the homotopy relation on 
(QAi, h)- Thus = Ii + Ji for some monomial ideal Jj and 

m(Q Ai ,ii) ~ 7Ti (Q Ai )/N(QAi,Ii) 

~ [-K 1 (Q Ai )/N(Q Ai ,I i )]Y\_L m _x 

~ 7T1 

Now set Q = (~l Qa 2 and / = kQ n 7r. We have 

= (im) 1 | + |(T 2 ) 1 |-2|(T c ) 1 | + |(Q c ) 1 |)-n fl + l 
= |(Qcr)i|-(n-m) + (m-l) 

m 

= Q>(Q Cj )) + (m-l). 
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and so iti{Q) — (YTjLi 7r i( ( 5c J )) ll-^m-i- Moreover, by our assumption on the 
fundamental minimal relations, we have an inclusion of groups Ki : ttx(Q,I) — » 
tti(Qa u i"t) and I = Ic + Ji for some monomial ideal J/. So, tti(Q, I) = L m -i U 

The next step is to use Van Kampen's theorem for bound quivers. For the 
sake of this, let Bi, B 2 , Br and B be the classifying spaces of (Qad h), (Qa 2 , I2), 
(Qr,Ir), (Q,I), respectively. Then, Br = B\ U B 2 and B = B\ PI £>2, where S 
is connected. Applying Van Kampen's theorem (see |25| ) and the isomorphism of 
fundamental groups l|4.2p . we have 

ki(Qr,Ir) ~ tti(Br) 

Tn(S) 

_ 7Ti(QAi, A) II 71l(QA2,-f2) 
7Tl(Q,I) 

(tti(Qa 1 ,h)UL m -i) U(MQa 2 ,h)UL m -i) 
(U7=iMQc 3 ,Ic 3 ))UL m -i 

^ 7Tl (Q Al , Jl) ]J 7Tl (Qa 2 , ^2) U 

□ 

We note that the main tool used in this proof is that the restriction of the 
homotopy relation on {Qr, Ir) to {Qci Ic) coincides with the homotopy relation on 
(Qc, Ic)- This proof may thus clearly be generalized to this more general context. 

The above formula allows to compute the fundamental group of several oriented 
algebras, but it does not include all oriented algebras. The following examples 
illustrate this point. 

Examples 4.2.3. 

(a) Let R be the algebra given by the bound quiver of Example 14.2.11 Let 
e, e' x and e' 2 be the sums of the primitive idempotents corresponding to 
the sets of vertices {4, 5}, {1, 2, 3} and {6, 7, 8} respectively. Clearly R is 
oriented by e, e[ and e' 2 . Moreover, R satisfies to the conditions of Propo- 
sition 2221 Since straightforward computations show that ni(Qc, Ic), 
7r i(QAi, h) and t^i{Q a 2 i I2) are trivial, so is tti(Qr, Ir) by Proposition 
14X21 

(b) Let R be the algebra given by the quiver 

Ql Q2 

1 >3< 2 

4 

bound by the relations cti(P — 7), for i = 1,2. Let e, e[ and e' 2 be the 
sums of the primitive idempotents corresponding to the sets of vertices 
{3,4}, {1} and {2} respectively. Clearly R is oriented by e,e[ and e 2 . 
However, R does not satisfy the conditions of Proposition 14.2.21 because 
the fundamental minimal relations on (/3 — 7) contain arrows from A[ and 
C. Moreover, tti(Qr, Ir), tt^Qax, h) and tt\{Qa 2 , h) are trivial, while 
tti(Qc, Ic) — ^- So the formula of Proposition 14.2.21 does not hold. 
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We end this section with an application of the above result to the computation 
of the first Hochschild cohomology group for some schurian oriented algebras (see 
Examples 12.4.11 (a)). Recall that if A — kQ/I is a schurian algebra, then H 1 (j4) ~ 
Hom(7Ti(Q, I), k + ) by |10L [T], where k + is the (abelian) additive group of k and 
the homomorphisms are group homomorphisms. This leads to the following result: 

Proposition 4.2.4. Assume R is oriented by e, e[ and e' 2 and satisfies to the 
conditions of Proposition \4~.2.2\ If R is schurian and JJ ._ 1 "K\(Qcn Id) * s trivial, 
then H 1 (i?) ~ H^Ai) © H 1 (v4 2 ) © fc TO_1 . 

Proof. Since R is schurian, then so are A\, A 2 and C. Therefore 

H x (fl) ~ Hom(^i(Q fl ,/ fl ),fc+) 

~ Hom(7ri(Q^ 1 ,/A 1 ) Utt 1 (Q A2 ,I A2 ) 

~ Hom(^i(Q Al , h), k+) © Hom( 7 r 1 (g A2 , 1 2 ), k+) © k m ^ 

~ H x (Ai) ©H 1 ^) ffifc™- 1 

□ 

Example 4.2.5. Let R be the algebra of Examples 11.2.11 (b). Theorem 12.3.21 
cannot be used to compute the Hochschild cohomology groups of R. However, R is 
schurian and clearly satisfies I|1.1J1 an d the conditions of Proposition 14.2.21 since C 
is semisimple. Thus H^i?) ~ H 1 ^) © H 1 ^) © k ~ k by Proposition 14.2.41 
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